Emergence of higher spin relativistic fermionic materials becomes a new favorite in the study of condensed matter physics. Massive Rarita-Schwinger 3/2-spinor was known owning very exotic properties, such as the superluminal fermionic modes and even being unstable in an external magnetic field. Due to the superluminal modes and the non-trivial constraints on the Rarita-Schwinger gas, we exposit anomalous properties of the Hall effects in (2+1)-dimensions which subvert the well-known quantum Hall paradigms. First, the Hall conductance of a pure Rarita-Schwinger gas is step-like but not plateau-quantized, instead of the linear dependence on the filling factor for a pure spin-1/2 Dirac gas. In reality, the Hall conductance of the Dirac gas is of quantized integer plateaus with the unit e 2 h due to the localization away from the Landau level centers. If the general localization rule is applicable to the disordered Rarita-Schwinger gas, the Hall plateaus are also expected to appear but they are nonlinearly dependent on the Landau level index. Furthermore, there is a critical magnetic field beyond which higher Landau levels become unstable. This confines the filling factor of the system. We also show that the non-hermitness of the effective Hamiltonian is not crucial to the nonlinearity of the quantum Hall conductance.
I. INTRODUCTION
Since quantum Hall effects were discovered [1, 2] , a standard paradigm of condensed matter physics has been set up. Indeed, the quantum spin Hall effects [3, 4] and the quantum anomalous Hall effects [5] were subsequently unearthed [6, 7] . The realm of condensed matter physics has then expanded rapidly into the topological states of matter [8] [9] [10] . Besides the non-trivial topological aspects of single particle band theories, there are also theoretic proposals for interacting symmetry protected topological phases [11] and topological orders [12, 13] .
The question raised now here is: Is it possible that there are some physical systems in which the quantum Hall paradigm is overthrown or amended? More specifically, what we ask is: Are there two-dimensional quantum gases whose quantum Hall conductance is not proportional to an integer or a fractional filling factor? In quantum mechanics, we had such an experience: The eigen energy of a harmonic oscillator is linearly dependent on the main quantum number while the eigen energy of the hydrogen atom is nonlinearly dependent on this integer.
To search for such systems, one notices that all these systems studied so far are of either spinless bosonic excitations or fermionic quasiparticles with spin≤ 1 2 . The breakdown of the quantum Hall paradigm seems no hope in these systems. Fortunately, the emergence of relativistic fermionic quasiparticles with higher spin and multiple degeneracy in metallic and insulating materials becomes the latest fast growing area in the research of condensed matter physics [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . The prophesies of higher spin fermionic quasiparticles with a linear dispersion in certain materials [14] [15] [16] give a good understructure to realize Rarita-Schwinger semimetal which was predicted if a non-local external potential or a specific interaction is introduced [14] . It is also possible to simulate the massive Rarita-Schwinger fermions in condensed matter systems [24] .
Can we anticipate interesting new physics for these higher spin fermions like quantum Hall effects nonlinearly depending on the Landau level index? On the other hand, the discussions on the measurable physical properties of these fermionic systems, especially their topological and transport properties, are important for the sustainable developments and potential applications of the research for this new field.
The exotic and even ambiguous properties of higher spin systems are well-known in high energy physics and quantum field theory for a long time. For example, when a massive Rarita-Schwinger fermion couples minimally to an external magnetic field, a superluminal mode will emerge and the system turns out to be non-hermitian or even unstable [27] [28] [29] . Similar besetments may also appear when a massive higher spin field experiences an external potential [30] [31] [32] [33] . However, the superluminal propagation of an elementary particle is believed to be forbidden. Thus, the massive charged Rarita-Schwinger fermion might not be an elementary particle although the superluminal mode disappears if the Rarita-Schwinger fermion couples non-minimally to the electromagnetic field [34] .
In a condensed matter system, since the Fermi velocity serves as the "speed of light" which is much smaller than the speed of light in the vacuum, superluminal modes with a velocity faster than the "speed of light" are al-lowed. Do the superluminal modes bring us any new physics? For instance, due to the propagation of the superluminal modes, is it possible that the quantum Hall effects of the Rarita-Schwinger fermion gas in 2+1 dimensions is different from those of the Dirac fermions in graphene [35] [36] [37] ?
Because gapless Rarita-Schwinger equations in (2+1)-dimensions have only a trivial solution (see Discussion in [14] .), we study the (2+1)-dimensional massive charged Rarita-Schwinger fermion gas. Due to the constraints for the massive Rarita-Schwinger fermions and the existence of the superluminal mode, the result is non-trivial. Even for a pure Rarita-Schwinger gas, we find that in a strong magnetic field but not strong enough to break the stability of all Landau levels, instead of a linear dependence on the filling factor in a pure Dirac gas, the Hall conductance of the pure Rarita-Schwinger gas is step like but not plateau-quantized. That is, the Hall conductance for a given Landau level decreases nonlinearly as the filling factor increases. However, a stepped jump exists between two adjacent Landau levels. In reality, because the quantum states away from the centers of Landau level are localized by disorders, the Hall conductance of the noninteracting Dirac gas is quantized to integer times of the unit e 2 h as well known [35, 36] . If the localization rule of a two-dimensional quantum gas is also applicable to the Rarita-Schwinger gas, the quantum Hall effects with a nonlinear dependence on the integer Landau level index are expected, i.e., the Hall plateaus are not located at the integer but proportional to a nonlinear function of the integer.
When the external magnetic field is stronger than a critical field after that the superluminal mode can propagate in all spacelike intervals, we see that higher Landau levels become unstable. This phenomenon does not become severe monotonously as the external field increases but worst appears in a specific range of the field strength.
The nonlinear Hall effects of the Rarita-Schwinger gas is caused by the superluminal modes and the non-trivial constraints. The effective Hamiltonian of the superluminal modes is non-hermitian. However, we show that in the limit of a small G ∝ B/m 2 in which the effective Hamiltonian of the system is hermitian, the quantum Hall conductance is still nonlinear to the Landau level index. This implies that the non-hermitness of the effective Hamiltonian is not crucial for this exotic phenomenon. This paper is organized as follows: In Sec. II, we briefly review the Rarita-Schwinger spinor and the minimal coupling to a constant magnetic field in 2+1 dimensions. The superluminal modes of the Rarita-Schwinger fermion are introduced. With the preparations in Sec. II, we calculate the Hall conductances of the single RaritaSchwinegr fermion and the pure Rarita-Schwinger gas in Sec. III and discuss the nonlinear quantum Hall effects for the Rarita-Schwinger gas in reality. In the fourth section, we consider the small G expansion and find that the Hamiltonians are hermitian while the corresponding Hall conductance is still nonlinearly quantized as the Landau index varies. The last section is devoted to our conclusions and perspectives. Some unsolved problems are addressed. In the Appendix A, we rederive the quantum Hall conductance of spin- Before calculating the Hall conductance of the RaritaSchwinger gas, we first review the Rarita-Schwinger fermions coupled minimally to a constant magnetic field in (2+1)-dimensions to illustrate the existence of the superluminal mode for later convenience. We denote γ 0 = σ z , γ 1 = iσ y , γ 2 = −iσ x with σ i being the Pauli matrices. The corresponding metric is g µν = diag(1, −1, −1). The gauge potential is chosen as A µ = (Ex, 0, −Bx), where E and B are constants. We set = 1 and the electric charge e = 1. The "speed of light" v f , which is the genuine speed of light in the vacuum in high energy physics while it is the Fermi velocity for a condensed matter system, is also set to be unity.
The Lagrangian for the Rarita-Schwinger fermions in (2+1)-dimensions can be written in the following form [28] , 
with
where W is an arbitrary number except for W = 1/2. Here we choose W = −1, then, the Lagrangian (1) becomes,
And the equation of motion reads,
Note that the zeroth component of Eq. (6) does not contain any time derivative, therefore it becomes a primary constraint. Contracting Eq. (6) with γ µ and D µ successively from the left hand side, one obtains
Therefore we have the subsidiary condition,
Substituting Eq. (9) back into Eq. (6),
For E = 0 and a constant magnetic field
where G = eB 2m 2 . Equation (11) 
which satisfies the canonical commutation relation [a, a † ] = 1, Eq. (12) becomes
where H 0 then is the Hamiltonian of ψ 0 . It is nonhermitian. The energy spectrum of H 0 ψ 0 = Eψ 0 is given by
where +(−) stands for particles(holes). We see that the non-hermitness of (13) does not affect the stability of the system when G 2 < 1 because the spectrum (14) is real. E(±, n) is divergent at |G| = 1. This is in fact artificial and we will discuss this matter in the subsection C.
When G 2 > 1, the effect of the non-hermitness appears gradually. The square root in the numerator of (14) may be imaginary for a given n and then this Landau level becomes unstable. While the lowest (n = 0) and second (n = 1) Landau levels are always stable, the higher Landau levels may be unstable. For example, when 1.3 < G < 7.6, E 2 is complex; when 1.2 < G < 11.7, E 3 is complex; and when 1.14 < G < 15.8, E 4 is complex; and so on. Any n > 1 Landau level may unstable in a given range of G 2 . The larger n is, the larger range of
. As we will see later in the end of this subsection, ψ 0 is superluminal in all spacelike intervals.
For later convenience, we will only consider the particle case in the following with the eigen wave functions
where χ n is the wave function of the n-th Landau level, and α 0 (β 0 ) is the upper(lower) coefficient of the spin component. If we denote χ −1 = 0, then Eq. (15) can also describe the corresponding wave function for the case of n = 0, the same situation as that of the Dirac fermion(see appendix A).
Although Lagrangian (5) does not contain dynamics for ψ 0 , its dynamics is induced by the constraint (8) . On the other hand, H 0 depends on the choice of W in the Lagrangian (1), but the energy spectrum is independent of W . The expectation values of physical observables also do not depend on W .
An analysis of the Green's function of the RaritaSchwinger fermions shows that the propagator of ψ 0 may not vanish in a spacetime interval with [28] 
This means that in the spacelike intervals with 0 < ∆r 2 − ∆t 2 < G 2 ∆r 2 , the ψ 0 is a superluminal mode if G = 0 (B = 0). There are still some spacelike intervals where (16) always holds. The ψ 0 can propagate in all spacetime intervals either spacelike or timelike.
B. Total angular momentum representation
Because of the constraints Eq. (9) and L 0 of Eq. (6), the ψ 1 and ψ 2 fields are connected with ψ 0 field. To demonstrate this more transparently, we shall rotate the ψ 1,2 fields into the total angular momentum representation [14, 24] ,
where φ 3,↑↓ are the J z = ± 3 2 components while φ 1,↑↓ are the J z = ± 1 2 components. Then, the constraints Eq. (9) and L 0 can be rewritten as,
The constraint (19) tells us the relationship between φ 1 and φ 3 ,
In terms of the constraints (19) and (18), φ 1 and φ 3 can be constructed from ψ 0 directly. From the Hamiltonian (13) and the constraint (18), the Hamiltonian H 1 for φ 1 is given by,
The equations of motion of ψ 1,2 (11) and the unitary transformation (17) give rise to the Hamiltonian H 3 for φ 3 ,
.
(22) According to the explicit construction of the Hamiltonian (21) and (22), one can verify that, the φ 1 and φ 3 states induced from the constrains (19) and (18) have the same energy as that of a given ψ 0 (n) state. Although the constraints (19) and (18) produce the correct eigen functions for the Hamiltonian H 1 (21) and H 3 (22) from ψ 0 (15) by denoting χ −1 = χ −2 = 0, the normalization is subtle. In order to have the correct normalization coefficients of all the fields, the conserved charge of the Rarita-Schwinger fermion is needed. The conserved current density of Lagrangian (5) is given by
and the conserved charge that is definitely positive (when G < 1, |φ 3 | > |φ 1 |) is normalized to be unity
Eq. (24) determines the normalizing condition for a single Rarita-Schwinger fermion, which is a (2+1)-dimensional reduction of the (3+1)-dimensional one [38] . We notice that this conserved current is of a different form from the familiar onẽ
In fact, it is easy to show that for a free Rarita-Schwinger gas, j µ =j µ after the constraint γ · ψ = 0 is imposed. As the constraint alters after an external field is applied, these two currents are not equal and we must take the conserved one, eq. (23).
C. Critical magnetic field
As we have mentioned, the Rarita-Schwinger fermions have very different behaviors between |G| > 1 and |G| < 1. At the critical value |G| = 1, in fact, the equation of motion of ψ 0 becomes non-relativistic. To illustrate this point, we first rewrite Eq. (13) as,
Equation (26) can be interpreted as an equation of motion for a relativistic fermion with an anisotropic speed of light. When G = 1, by denoting
which means,
These equations can be rewritten as, By recovering all the physical constants, the critical magnetic strength is estimated by
where v f is the Fermi velocity and mv 2 f is the band gap in materials. We take the graphene's data to estimate the critical field. The Fermi velocity in graphene is 10 6 m/s ∼ 0.003c [35, 36] and the band gap can be continuously tuned from 0eV up to 0.25eV in a bilayer graphene [37] . Therefore, the critical magnetic strength B c in a graphene like material has a range form 0T to 10 2 T . Thus, the instability of higher Landau levels of the Rarita-Schwinger fermions is experimentally detectable. On the other hand, the fundamental Rarita-Schwinger fermion in the vacuum (v f = c), though it has not been observed yet, has the critical B ∼ 10 10 T if it is assumed to be as light as an electron.
III. NONLINEAR QUANTUM HALL EFFECTS OF RARITA-SCHWINGER GAS
Now we are ready to calculate the Hall conductance of the Rarita-Schwinger gas. In the first three subsections, we limit |G| < 1.
A. Single Rarita-Schwinger fermion's contribution to Hall conductance
Applying a small external constant electric field E along the x-direction which is much smaller than the magnetic field, the constraint (9) becomes,
with K ≡ eE 2m 2 , while the other constraint (19) remains the same. In the rotated representation (17), the constraint (32) can be written as,
Substituting the constraint (32) into (10), the equation of motion of ψ 0 , the corresponding HamiltonianH 0 be-
where H 0 is the unperturbed Hamiltonian (13) while the perturbed HamiltonianH ′ 0 is given by,
Since we consider the linear response to the external electric field, the explicit form of O(E/B) is not important. (For details, see Appendix B.) Similar to the Dirac fermion discussed in the Appendix A, we use the non-degenerate perturbation theory. The perturbed Ψ 0 is given by
where n|(−Ex)|m is the matrix element between ψ † 0 (n) and ψ 0 (m); ψ ′ 0 (n+1) and ψ ′′ 0 (n−1) are the corresponding first order corrections to the unperturbed wave function ψ 0 (n) of the n ± 1 Landau levels. After calculating the perturbed wave function Ψ 0 , we obtain the perturbed Φ 1 and Φ 3 through the constraints (19) and (18) . It is straightforward to calculate the Hall currents for a single Rarita-Schwinger fermion by substituting the perturbed Ψ 0 , Φ 1 , and Φ 3 into the expression for currents (23), The brown(dashed) curve is that for a single Dirac fermion. The parameters are chosen as n = 5 for blue and n = 3 for purple while K = 0.001. The perturbation theory fails for the Rarita-Schwinger fermion at large G because the first order correction is larger than the unperturbed wave function. Therefore, the Hall current blows up at large G and renders the plot unreliable.
namely,
where we have expanded to the first order of G (details are presented in Appendix B). We plot the Hall current of the Rarita-Schwinger fermion versus G in Fig. 1 and K in Fig. 2 . As a comparison, we also plot the Hall current of the Dirac fermion for both cases. varying the Hall current of the Rarita-Schwinger fermion as G is dramatically different from that of the Dirac fermion: the former increases while the latter decreases as G increases. The K-dependence of both Hall currents are similar as expected by the linear response to the electric field. Unlike the Hall current for a single Dirac fermion (A10) which is merely linearly dependent on the filling factor, we observe that the Hall current for a single RaritaSchwinger fermion not only depends on the Landau level index n and its mass m, but also contains a combination of E · B instead of 
where the last term comes from the chiral anomaly of the Rarita-Schwinger fermion which is three times larger than that of the Dirac fermion [39] [40] [41] .
B.
Step-like but not plateaued Hall conductance of a pure Rarita-Schwinger gas
Through the same argument leading to the Hall conductance (A13) for the Dirac fermions in the Appendix A, the Hall conductance for the pure Rarita-Schwinger fermions is given by
where ρ is the charge density, ν is the filling factor of the Landau level; n the Landau level index and A = πeρ m 2 . Since the system is not stable when G ≥ 1, the filling factor ν is restricted to ν > A. Unlike the linear dependence on the filling factor for the non-relativistic fermions and Dirac fermions, the Hall conductance of the pure Rarita-Schwinger gas is exotic. For a given Landau level n, the Hall conductance decreases nonlinearly as the filling factor increases while there is a jump between two adjacent Landau levels (Fig. 3) . We choose a graphene like parameters [35, 36] to plot Fig. 3, i. e., the Fermi velocity is chosen as 0.003c, the mass gap is 0.06eV and the surface carrier density is of the order of 10 11 cm −2 . This gives A ≈ 0.1. The stability of all Landau levels of the system requires G < 1 and then the filling factor ν > A ≈ 0.1. We would like to point out that the calculations nearby ν = 0.1 is not so reliable. Thus, for the lowest Landau level, we plot from ν = 0.3 in Fig. 3 . ) versus the filling factor ν for the Rarita-Schwinger fermion. The blue (thick) curve is the Hall plateaus for the Dirac fermion. The brown (dashed) curve is for the pure Rarita-Schwinger gas. The filling factor starts from ν = 0.3 as explained in the text.
C. Nonlinear dependence of the integer Landau index in the quantum Hall effects of the Rarita-Schwinger gas
With these calculations for the single Rarita-Schwinger fermion and the pure Rarita-Schwinger gas in mind, we now consider a two-dimensional charged RaritaSchwinger fermion gas in a condensed matter system. According to the structure of the wave function (15), the degeneracy for each Landau level of the Rarita-Schwinger fermion is the same as that of the Dirac fermion (A11). For a conventional non-relativistic electron gas or a Dirac gas in two dimensions, the quantum states in the zero field limit are localized by the disorder. In a strong magnetic field, the extended states appear nearby the Landau level centers while the states away from the Landau level centers are localized. This leads to the quantum Hall effects in these systems. The Hall conductance changes by an integer with the unit e 2 h as the filling factor crosses two adjacent Landau levels.
Although the Rarita-Schwinger gas under a disordered potential is a highly non-trivial problem which we are unable to solve it yet, we believe the general argument of the localization for a two-dimensional system can also be applied to the Rarita-Schwinger gas in the zero magnetic field. Due to the wave functions of the signle RaritaSchwinger fermion basically consist of the conventional Landau level wave functions, we may also assume the extended states appear nearby the Landau level center while the other states are still localized. We then can have a subversive quantum Hall conductance of the Rarita-Schwinger gas
for n = 0. For the lowest Landau level (n = 0), due to the system is not stable at ν ≈ 0, we are not able to know if there are the conventional extended states in-between ν = 0 and 1 under the disorder. We then can not fix the exact plateau position. If the extended states exist, we choose to neglect O(A 2 ) term in (40), i.e., σ
h (see Fig. 3 ). Another possibililty is that there is no conventional extended states due to the localization. Then the Hall conductance in the lowest Landau level is merely given by the chiral anomaly. In sum, we see the quantum Hall effect for a given Landau level index in the sense that the Hall conductance is still a plateau while the magnitude of the plateaus is nonlinearly dependent on the integer Landau level filling factor as shown in Fig.  3 .
D. Discussions
Notice that the current (23) of the Rarita-Schwinger fermion implies that the electric currents J 1,2 are always related to the superluminal mode ψ 0 , the physical origin for these exotic Hall conductances (Eqs. (39) ,fgas (40) and (41)) arises from the contribution of the superluminal mode. This result can also be expected through the existence of the critical magnetic strength (31) while the quantum Hall conductance does not depend on the strength of the external magnetic field for Dirac fermions (A14).
We do not discuss the system with |G| > 1 yet. In this case, the superluminal mode propagates in all spacelike intervals and the Landau levels are cut off at a finite integer. For example, if 11.7 < G < 15.8, only n = 0, 1, 2, 3 Landau levels are stable and the nonlinear plateaus with n = 0, 1, 2, 3 are left in Fig. 3 although the exact values of the plateau positions need to be recalculated. (We do not do this here.) If 7.6 < G < 11.7, n = 0, 1, 2 plateaus are left. If 1.3 < G < 7.6, n = 0, 1 plateaus are left. If 1.2 < G < 1.3, again only n = 0, 1, 2 nonlinear plateaus are left. If 1.14 < G < 1.2, n = 0, 1, 2, 3 plateaus are left, and so on. This means that the filling factor of the system for a given G > 1 can not exceed the upper bound. Otherwise, the system becomes unstable.
IV. SMALL G EXPANSION
In this section, we consider the small G expansion of the Hamiltonians (13), (21) , and (22), we will show that, to the first order of G, the Hamiltonians become hermitian, while the quantum Hall conductance remains steplike and nonlinear. This suggests that non-hermicity of the Hamiltonian is not the origin for the nonlinear quantum Hall conductance of the Rarita-Schwinger gas.
When G ≪ 1, the Hamiltonian H 0 (13) can be expanded to the first order of G, and the result is an hermitian HamiltonianĤ 0 , i.e.,
with the spectrum
. (43) One can easily check that this spectrum is identical to E(±, n) (14) up to the first order of G. Using the constraint (18), the expanded HamiltonianĤ 1 readŝ
which is the same as the first order expansion of Hamiltonian (21) . Expand the constraint (20) to the first order of G,
Then the HamiltonianĤ 3 becomeŝ
which is the same asÊ if we neglect the higher order terms of G in the square root. As mentioned before, in the small G region, all the Hamiltonians become hermitian. Similar to Sec. III, if we turn on a small electric field E, the perturbation Hamiltonian H ′ = −Ex in the sense of linear response. Following the same treatment in the Appendix B, the perturbed wave functions are given by
where we have expanded to the leading order in each term, and they satisfy all the constraints and the normalization condition (24) (to the leading order of G). Comparing with Eq. (B9), (B10), and (B11), the wave functions are identical to the leading order. The corresponding single particle Hall currents are given by,
2 )(GK). (51) Comparing with the Hall currents of the Dirac fermion (A10) we conclude that the quantum Hall conductance for the Rarita-Schwinger fermion is nonlinear even for an hermitian Hamiltonian. Since in the small G region, the Rarita-Schwinger Hamiltonians (42), (44), and (46) are hermitian, we expect that they are realizable in condensed matter systems [24] .
V. CONCLUSIONS AND PERSPECTIVES
In this paper, we calculated the Hall conductance of the massive spin-3 2 Rarita-Schwinger gas. We found that the result is not as simple as a combination of that of three copies of spin-1 2 Dirac fermions even for the single Rarita-Schwinger fermion. The pure Rarita-Schwinger gas presents step-like but non-plateaued Hall effects instead of the traditional Hall effects. In condensed matter systems, the Rarita-Schwinger gas also has quantum Hall effects but the Hall plateaus are not simply integervalued but nonlinearly dependent on the Landau level index. For a strong enough magnetic field, the higher Landau levels may be unstable and then there is a upper bound of the filling factor beyond which the system is unstable.
To arrive at the quantum Hall effects, we have supposed that the Rarita-Scwinger gas is localized by the disorder in a zero field. This is in fact highly nontrivial and unsolved problem as the Rarita-Schwinger fermion in an external field may not be as easy as an electron gas or Dirac gas to be solved with a conventional way since the constraint on the Rarita-Schwinger fermion may be altered under the external potential. The topological number for the Rarita-Schwinger gas was also not studied, so the topological stability of the quantum Hall plateau remains unclear. This is because defining the TKNN number [46] requires to introduce an external periodic potential which also needs to carefully deal with. The edge states [47] were not studied because the edge potential is also an obstacle to solve the problem.
The authors are constructing a k ·p Hamiltonian which contains the Rarita-Schwinger quasiparticles as the lowlying excitations [24] . It was known for a long time that the properties of the Rarita-Schwinger fermions in an external potential are very interesting and sometimes puzzling [27] [28] [29] [30] [31] [32] [33] [34] . We take a two-dimensional model as an example to discuss the Klein paradox of the RatiraSchwinger fermions in the tunneling through a step potential. We show that while the tunneling in the original Rarita-Schwinger theory must be helped by a novel soliton excitation which makes the wave function discontinuous at the step, the soliton is replaced by the localized modes of the k · p model at the step and the wave function is continuous. These localized states come from the spin-1/2 spinor which are not completely projected out. We also propose possible real materials where the Rarita-Schwinger quasiparticles asymptotically emerge. The k · p theory may be generalized to a model in which the Rarita-Schwinger quasiparticles subjected to an external constant magnetic field and one expects that the quantum Hall conductance is nonlinear. Finally, with the nonlinear quantum Hall conductance, we believe that there could be more (topological) structures or even a new paradigm (such as a new mechanism for non-Fermi liquids) hidden in higher spin systems, which are valuable for future study. present the basic strategy of calculating the quantum Hall conductance for relativistic fermions which can be generalized to the case of the Rarita-Schwinger fermions. The Lagrangian for a free massive Spin-1 2 Dirac fermion moving under constant magnetic and electric field is given by,
where
The corresponding Hamiltonian
where we assume H ′ = −Ex is a perturbation coming from a small enough external electric field E. The spectrum of the unperturbed Hamiltonian H 0 reads,
where ± reflects the particle-hole symmetry of the system. The unperturbed wave functions of the particle spectrum are given by,
where N is the normalizing factor and φ(n) is the wave function of the n-th Landau level. Though n = 0 is a special case, the n → 0 limit of the wave function (A5) gives the correct result by defining φ(−1) = 0.
There are many methods to determine the quantum Hall conductance for Dirac fermion [48] . Here we use the perturbation theory to calculate this which we also apply in calculating the quantum Hall conductance for the Rarita-Schwinger fermion. Define the creation and annihilation operator of the Landau levels,
then the perturbation H ′ can be written as,
From the standard non-degenerate perturbation theory, to the first order, the energy spectrum does not change while the wave function changes to,
where H ′ nm is the matrix element between the ψ † 0 (n) and the ψ 0 (m) states. The conserved current of the Dirac fermion is given by
Substituting the perturbed wave function (A8) into the current (A9) and expanding to the leading order of E/B, the spatial components of the current becomes,
If the system has finite size with area L x L y , then the allowed minimal momentum jump is ∆p y = 2π/L y . Because the oscillating center x 0 = p y /B of each Landau level wave function should satisfy 0 < x 0 < L x , we know that the degeneracy within each Landau level is given by,
which is the ratio between the total flux Φ and the flus quanta Φ 0 . If the filling factor of the system is some integral number ν, then there are νΦ/Φ 0 particles in total which gives a surface density ρ = νΦ/Φ 0 /L x L y = νB/2π. Therefore the Hall current J h reads
and we get the Hall conductance,
As a final remark of the appendix, we emphasize that the method presented in this section fails to capture the 1 4π
contribution originated from the chiral anomaly of the zeroth Landau level [39] . Taking this fact into count, we will have the correct Hall conductance, namely,
where ↑ (↓) stands for the upper(lower) component of the spinor field. Turning on the constant electromagnetic field, the constraint (9) in the rotated representation (17) becomes,
with K ≡ eE 2m 2 , while the other constraint (19) does not change. Substitute the constraints back into the equation of motion of ψ 0 (10),
Let us estimate the contributions of each complicated terms in Eq. (B4) to derive the linear response theory. Since 0 < K ≪ G < 1, especially when G is small, the leading order in the operator 1 is proportional to 1/ √ G in the diagonal terms, and the leading order in 2 is √ 2. Therefore to the leading order, the equation of motion (B4) can be approximate as,
where H 0 is the unperturbed Hamiltonian (13) and the perturbation H ′ 0 for ψ 0 field reads,
where a = − D1+iD2 √ 2eB is the Landau level annihilation operator. For simplicity, we consider |G| < 1 in the following. Using the non-degenerate perturbation theory, the perturbed wave function reads Ψ 0 (n) = ψ 0 (n) + 
